Patient-specific nonlinear finite element analysis (FEA) is promising for evaluating the recovery of vertebral strength. Vertebral strength is closely related to inner vertebral stress distribution and is used to assess the fracture risk for individual osteoporotic patients during drug treatment. Moreover, stress distribution is affected by individual bone shape, bone density distribution and nonlinear behavior of the mechanical properties of bone. To investigate the effectiveness of FEA considering these factors for the evaluation of drug treatment effects, patient-specific nonlinear FEAs of the first lumbar vertebrae in patients undergoing a 3-year drug treatment were performed. Changes in fracture load and distribution of failure elements in the FE models at four time points (before therapy, and after 6 and 12 months and 3 years of therapy) were compared with those of average bone density. The FEAs demonstrated that failure elements decreased notably, and fracture load increased gradually by the 3-year time point, suggesting that the vertebrae were strengthened as a result of drug treatments. Furthermore, statistical tests indicated that mechanical evaluation using the nonlinear FEAs is more sensitive for evaluating drug effects on osteoporotic bone than assessments based on average bone density.
Introduction
Development of methods that predict bone fracture risks with regard to mechanical factors has been ongoing because fracture risks of bone in osteoporosis closely relate to bone strength (1) (2) (3) . The primary evaluation of osteoporosis which often causes compressive fractures in the vertebrae is from the measurement of bone mineral mass (similar to bone mineral density: BMD) by dual energy radiograph absorptiometry (DXA) (4, 5) . Notably, low effects during treatment of osteoporosis that reduce fracture risks while increasing vertebral strength (10) . This is largely due, in part, to not only the dependency of vertebral strength on average bone density, but also on vertebral shape, load case and density distribution relating to mechanical properties of the vertebrae. Therefore, finite element analysis (FEA) is a promising method to assess changes in vertebral strength and fracture risks more precisely than DXA (11, 12) . Quantitative computer tomography (CT) scanned FE models, coupled with bone morphology and density distributions have also been used to assess vertebral mechanical properties (13) (14) (15) (16) and to estimate the regions of damage sites in the vertebrae (12, (17) (18) (19) . Researchers have often adopted voxel FE-meshing based on micro CT images (20) for bone stress analyses (21, 22) . However, general (non-voxel) FEAs with image-based modeling techniques (23, 24) are regarded as a widely promising method in clinical cases, because radiation exposure from the CT scanner reaches a critical limit for actual models in the voxel FEAs. In addition, we previously confirmed the applicability of the general image-based FEAs to evaluate therapeutic effects for osteoporosis (25) .
Identification of precise fracture sites and fracture loads remains difficult even using the general FEAs. Vertebral compressive behavior has shown a nonlinear manner (26, 27) , and the tensile and compressive behaviors of bone are also different. Therefore, nonlinear FEAs are required to evaluate clinical fracture risks for osteoporotic vertebrae. A previous study reported that the nonlinear FEAs predicted vertebral strength and fracture sites accurately by comparing behaviors of fresh human cadaver vertebral specimens with its CT image-based FE models (18) . For clinical practices (evaluation of therapeutic effects), patient-specific nonlinear FEAs for osteoporotic treatment patients on a longer time scale are necessary.
In the present study, mechanical evaluations of osteoporotic vertebrae undergoing a 3-year drug treatment were performed over time with the nonlinear FEAs. We made FE models of the first lumbar vertebrae (L1) of four patients based on CT images at four time points (before therapy, and after 6 and 12 months and 3 years of therapy) and analyzed the changes in fracture loads and fracture sites. The purpose of this study was to investigate the potential of the nonlinear patient-specific FEAs to evaluate mechanical therapeutic effects in vertebrae in comparison with the more common method, which relies on average bone density. therapy). Each CT image along the axis of the body was taken by a medical CT scanner (Hitachi Medical Corp., Japan) at 1-mm intervals in 20-s with a 120-kVp X-ray power voltage, 0.39-mm pixels and 512 x 512 matrices.
To construct FE models from the CT images, we used the Mechanical Finder (RCCM Co. Ltd., Japan) software program, which can take individual bone shapes and inhomogeneous bone density distributions. The constructing procedure of an FE model is shown in Fig. 1 . FE models were shaped from the extracted bone edges in each CT image. For FE meshing of cancellous bone and inner portion of cortical bone, tetrahedral elements, of which the representative length was 1 mm, were used because of complex vertebral geometry and 1-mm intervals of CT scanning. In addition, on the outer surfaces of cortex, triangular shell elements with 0.4-mm thickness were prepared to represent thin cortical shell (28) considering that pixel width of the CT images was 0.39 mm. The FE models of the four female patients were designated as models F53, F61, F72 and F73, in which the numbers represent ages of the patients. Patient-specific L1 FE model views from the anterior and posterior sides before therapy are shown in Fig. 2 . The numbers of nodes and elements of the models were approximately 50,000 nodes, 250,000 tetrahedral elements and 36,000 shell elements.
Modeling of inhomogeneous bone density distribution
Bone density distributions were calculated based on the CT images. Because both Young's Modulus and yield stress of each element can be obtained by relationships (24, 29, 30) 
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Vol. 5, No. 5, 2010 502 from the apparent density, inhomogeneous distribution of mechanical properties, which affect the total stiffness and stress condition of the vertebra, can be included in FE models. To calibrate the relationship between bone density values and CT values in HU (Hounsfield Units), we scanned bone mass phantoms (B-MAS200; Kyoto Kagaku Co. Ltd., Japan) that had five 15-mm wide rods corresponding to hydroxyapatite of 0, 50, 100, 150 and 200 mg/cm 3 with 30-mm intervals between the rods and with vertebrae from the 12th thoracic vertebra to the second lumbar vertebra of the patients. The apparent bone density of each element was then determined as the average value of HUs that obtained a total of 17 points (the center point and 4 points distributed on 4 lines connecting the center point to each of the apexes of the tetrahedral element) (31) using the following relationship:
where ρ g/cm 3 denotes the apparent bone density.
Based on the density, Young's modulus E and yield stress σ r of each tetrahedral element were determined using the equations reported by Keyak (24) as shown in Table 1 . We designated the Young's modulus of each shell element as 10 GPa, which is within the normal cortical bone range of 9 to 21 GPa (31) (32) (33) and is the least denary value potentially representative of less dense osteoporotic bone. Poisson's ratio was set as 0.4 (24, 34, 35) .
Nonlinear FEAs
Nonlinear FEAs use the load increment analysis of the Newton-Raphson method (31) to find fracture load and distribution of failure elements. Calculation is continued iteratively, increasing applied load by 200 N increments until the model reaches whole vertebral fracture. The whole vertebral fracture is assumed when the vertebra cannot support the applied loads stably, not occurring only a crack at the cortical surface or inner cancellous area of the vertebra. This assumption is based on the report that failure of a small portion of the trabecular bone does not necessarily cause clinical fracture if the cortical bone remains intact (36) . To simulate vertebral nonlinear behaviors, we premised that mechanical properties exhibit a bi-linear elastoplastic manner of which Young's modulus changes to 5 % after yielding (32, 34) . Additionally, though we assumed the isotropic mechanical properties, we gave different criteria of element failure for tensile or compressive directions as described in Table 2 . We held that tensile ultimate stress is 80 % of compressive yield stress σ r due to previous experimental studies that report the ultimate tensile stress of trabecular and cortical bone as 79 % and 76 % of the compressive yield stress, respectively (26, 37) . For compressive direction, we considered a two-stage process to reach failure. Drucker-Prager yield criterion, which is the generalization of the Von Mises criterion (38) and also a smooth approximation to Mohr-Coulomb for brittle materials, was adopted. Each element was regarded as a yielded state, while the Drucker-Prager equivalent stress σ D exceeded the yield stress. If the minimum principal strain ε p of an element became lower than -3000 microstrains in the yielded state, we then assumed that compressive failure had occurred. The strain value was set with respect to a previous report, in which the range of the ultimate strain value of bone under compressive loading was approximately -3000 to -28000 microstrain (37, 39) . We set the lowest value, under the assumption that osteoporotic vertebrae are more susceptible to fracture due to reduced strength and bone density. A flowchart of the nonlinear FEA in the Newton-Raphson loop is shown in Fig. 3 as follows:
(1) Judgment of the magnitude of Drucker-Prager equivalent stress σ D to yield stress σ r . If σ D > σ r , the element was in a compressive yielded state; Young's modulus E was changed to the yield one, and the FEA proceeded to (2). If not, the FEA proceeded to (3).
(2) Judgment of the magnitude of the minimum principal strain ε p to -3000 microstrain. If ε p < -3000 microstrain, compressive failure had occurred; stress in the element was set to zero. If not, the yielding state continued. The FEA then proceeded to (5).
(3) Judgment of the magnitude of the maximum principal stress σ p to 80 % yield stress. If σ p > 0.8σ r , the direction of the maximum principal stress was a tensile cracked axis, and
Young's modulus in the direction was changed to zero. The FEA then proceeded to (4). If not, the element continued to elastic deformation, and the FEA proceeded to (5). (4) Judgment whether the cracks occurred in all 3 principal planes.
If the cracks occurred in all 3 planes, the element had reached complete tensile failure. The stress in the element was then released. If not, the element was in a partially cracked If the model reached the whole fracture by connecting the elements of failure, which was assumed that the vertebra could not support the applied loads stably, the FEA was stopped, and the distribution of failure elements and the applied load were obtained as a fracture load. If not, the FEA returned to (1) again, increasing applied load by 200 N increments. For boundary conditions in the loop, a simple compressive loading to the vertebral models, in which a uniform load was adopted at the nodes of an upper face downward into the vertebral axis, and an inferior surface of the vertebra was fixed as shown in Fig. 4 .
Capability of the nonlinear FEAs to describe therapeutic effects compared with the method using average bone density
To evaluate the potential of therapeutic effect observation between the nonlinear FEAs and a method using the average bone density like BMD, we analyzed the magnitude of significance of their changes by Kendall's coefficient of concordance W (nonparametric test). Because the fracture load is obtained under the loading condition applied at the anterior surface, we calculated the average density focusing on the vertebral anterior division. The average density was obtained as follows:
where ρ ave , ρ m , V m and N denote the average density, the apparent density and the volume of the mth element and the number of elements in the anterior division of the model, respectively. The Kendall's coefficient is a normalization of the Friedman's test to assess a greater or lesser degree of unanimity among responses of data, ranging from 0 (no agreement) to 1 (complete agreement). In this case, we assumed that the fracture load or the average density changes over time, not in a random manner after the initiation of therapy.
Results

Fracture load and distribution of failure and yielded elements
Fracture load of the models over time are shown in Table 3 and Fig. 5 . The loads increased dramatically after 3 years from the initiation of therapy. Though the loads were evaluated by discrete values (200 N intervals), fracture loads at 3 years in all models were maximum values in each treatment period. This finding indicates that the vertebrae did not fracture when larger loads were applied, and the vertebrae became more robust, responding to the drug treatment. The loads at the 3-years treatment had increased from 19 % in the F73 model up to 48 % in the F72 model when compared with the values before therapy. Histories of the loads were also different for the patients. The load of the model F61 increased gradually and sequentially, but the other models eventually reached the maximum The failure and yielded elements distribution in the cancellous bone and inner portion of cortical bone of the models are shown transparently in Fig. 6 . Because the fracture loads were different according to time, even in the same model, we normalized the applied load as the minimum fracture load in each model (5800 N, 4600 N, 5000 N and 5000 N for F53, F61, F72 and F73 models, respectively) and displayed their distribution. The therapeutic effect was significant, especially in the F53 and F61 models. In the F53 model, many compressive and tensile failure elements in the anterior-lateral regions before therapy diminished gradually during the treatment. Their distributions particularly dispersed at 3 years, indicating that the failure elements were not continuous and that their chains leading to whole vertebral fractures became less under the same loading conditions. In the F61 model, failure elements at the lateral side and partial upper surface disappeared at 3 years. Only the F61 model of the 4 models did not have distribution of the failure elements at the vertebral anterior surface, but at the lateral side because the F61 model had significant lateral curvature in the spine. In the F72 and F73 models, although drastic changes were not shown, the numbers of failure elements decreased, and their linking became slightly less. These results suggest that the vertebrae were strengthened structurally by the treatment.
Characteristic changes in element distributions also appeared. Tensile failure elements were distributed around the upper and lower edges in the vertebrae. However, the number of their elements did not change. Meanwhile, the compressive failure elements appeared in conjunction with compressive yielded elements, rather than separately, and were primarily located in the entire anterior cortical regions. Compared with the tensile failure elements, the compressive yielded and failure elements changed notably during the treatment. In addition, the failure elements were distributed at the outer cancellous and cortical area densely, while they were scattered over the inner cancellous area of the all models. These characteristic distributions did not depend on the period of the drug treatment. It supports the report that failure of a small portion of the cancellous bone does not necessarily cause clinical fracture (28) , but failures around the cortical region.
Average bone density of the vertebral anterior portion
Changes over time in the average bone densities of the vertebral anterior portions defined by Eq. (2) for the models are shown in Table 4 and Fig. 7 . In Table 4 , the percentage changes compared with untreated Δρ ave (%) are also shown. The density in all models increased and decreased repeatedly, and the final amount varied between individuals. While the final density in the F61 and F73 models increased slightly (+13 % in F61 and +4.1 % in F73 models), those in the F53 and F72 models almost remained the same (+0.72 % in F53 and 0 % in F72 models). Based on a prognosis using only the average density (like BMD values), models that stayed with nearly the same density would be interpreted as exhibiting no therapeutic effects. Compared with changes between the fracture load and the average density, both parameters in only the F61 model increased notably. In other models, the fracture loads rose prominently, even though the densities showed little or few changes. Fig. 6 Compressive and tensile failure elements distributions in the anterior view in the cancellous bone and inner portion of cortical bone of the four models at the four time points. i, ii, iii and iv represent before therapy, after 6 and 12 months, and after 3 years of therapy.
Statistical analysis of the significance of the drug effects
Kendall's coefficients of concordance W were calculated, and statistical significance of the drug effects were then analyzed by Friedman's test shown in Tables 3 and 4 . In Friedman's test, p-values that were mean probabilities of the null hypothesis that changes in fracture loads or average densities are random (not significant) after the initiation of therapy, were determined based on χ 2 values. As shown in the tables, both of the p-values were large at 0.05 (5%), indicating no statistical significance of their changes. However, the coefficient W was calculated as 0.60 and 0.23 for evaluation of the fracture load and the average density, respectively, suggesting a higher detection of the evaluations based on the fracture loads. Together, these results imply that the nonlinear FEAs was more sensitive for the detection of changes in strength in osteoporotic vertebrae during the treatment.
Discussion
Mechanical evaluations based on fracture loads
The nonlinear FEAs adopted in this study was appropriate for predicting vertebral strength, because the technique was validated by Imai et al. (18) to compare yield load, fracture load and sites between compressive load testing of thoracolumbar vertebral specimens and the nonlinear FEAs of CT-based models. The said study reported that there was a significant linear correlation not only between FE-predicted and measured yield loads, but also between FE-predicted and measured fracture loads. Additionally, they found that an experimental fracture line passed through a region of the failed elements on the simulation. Although a previous study defined the criterion for yielding of bone using Von Mises stress, which is often adopted for a ductile material (24) , we speculate that the Drucker-Prager model is more appropriate in this case, because bone behaves in a brittle manner due to its lower tensile strength than compressive strength. The Drucker-Prager criterion is a gravitational pressure-dependent model to define yielding of the material (see appendix); as such, the element becomes less yielded if the first term J 1 in Eq. (3) relating to gravitational pressure increases. A large external load is required to induce the yielding. Because ultimate strain of trabecular bone under compressive load was reported from -3000 to -27,900 microstrain (39) , we set the threshold of the compressive failure in a yielded element to the minimum microstrain of the range (ε p = -3000 microstrain), while also considering all osteoporotic models here as serious enough to require drug treatment. This approach may have resulted in a slight overestimation for the yield criterion, but the value was reasonable, because the probability of fractures could be ascertained and the evaluation of therapeutic effects was a relative comparison within each patient. Though the strain value for yield could be assigned differently depending on the severity of each patient, the constant threshold seemed suitable to compare fracture risks that were caused by the changes in shape and density distributions of bone in the patient-specific FE models.
Estimation of drug effects with changes in fracture load and distributions of failure elements
Therapeutic effects leading to an increase of vertebral compressive stiffness were indicated mechanically. Because the failure elements were distributed at the outer cancellous and cortical area in the anterior to the lateral region densely, drastic or slight reduction of failure elements in models indicated that vertebral anterior regions, which are frequent sites of compressive fractures due to the lack of load support capacity, were strengthened with the treatment. The oral drug therapy of alendronate and vitamin D 3 , which is taken to inhibit activities of osteoclasts and to encourage calcium absorption from intestines (40, 41) , can indirectly increase bone density and stimulate restructuring of the load capacity of bone, while reducing the stress concentration. According to Table 1 , Young's modulus and yield stress of each element varied depending on the density. Thus, such changes in density that occur with an increase of stiffness and strength on the anterior side contribute to the avoidance of bone fractures. However, the strengthening did not necessarily arise only from an increase of bone density. Actually, the fracture loads in the F53 and F72 models rose to equal degrees (+2000 N (+32.3 %) increase in the F53 model, Table 3 ) even though the average densities exhibited minimal change (+0.72 % in the F53 model, Table 4 ). The fracture load in the F61 model prominently increased (+1600 N (+34.8 %)), and the failure elements decreased with a rise of the average density (+13 %), similar to that observed in the F73 model. Collectively, these results suggest that the average bone density (like BMD) does not correlate with fracture loads. Instead, the results imply a correlation of fracture loads with the distribution of bone density, not the average.
The most typical result of such a case was observed between the untreated and the 3-year treatment of the F72 model, in which the fracture load increased +2400 N (+48 %), although the average density changed 0 %. Since the distribution of failure elements was different between the two models of F72, the dispersion of failure elements, which closely associates with density distribution and potentially leads to whole vertebral fractures, could cause different fracture loads. The density distribution in the anterior view and cross-sections of the median plane in the cancellous bone and inner portion of cortical bone of the F72 models is shown in Fig. 8 . Even though the average density before and after treatment was the same, an increase in the density at the anterior cortical and cancellous area was observed. Their regions appeared to thicken, and the continuity of such regions increased. These drug effects could be seen only by the patient-specific nonlinear FEAs that evaluate density distribution of the patient. The bone density distributions also supported the dense distribution of the failure elements at the outer cancellous and cortical region. Because the vertebra had higher bone density that could lead to support loading at the regions in the anterior part, they could be main loading paths. That could be why the failure elements were distributed densely at the outer cancellous and cortical bone, not inner cancellous area.
The nonlinear FEAs also highlighted additional cases, such as the 6 and 12 month treatment assessments in the F73 model, in which the distributions of failure elements differed, although both the fracture load and the average density remained the same. Because the FEAs considered the nonlinearity of material performance of bone, such a case without a one-to-one relation could be observed, suggesting that mechanical evaluation of (Fig. 9a) and schematic view of a spinal nerve compression at the posterior side due to vertebral compressive fracture at the anterior part with vertebral deformation. (b1: failed condition of vertebrae, b2: normal condition of vertebrae) (Fig. 9b) not only fracture loads but also of the distribution of failure elements are important.
The failure element distribution at the portion of cortical bone was again shown as valuable in Fig. 9a , in which the distributions in the posterior view of the F61 model were under the same load for the untreated and 12-months treatment. The model before therapy had many failure elements in the lateral posterior region, indicating a high fracture risk, as well as in the anterior lateral part; however, the model at 12-months had only a few failure elements. These results indicate that fracture risks in the posterior region, which often occur secondary to an anterior fracture, were reduced. Figure 9b shows a schematic view of a spinal nerve compression at the posterior side due to a compressive fracture in the anterior region. Posterior fractures due to vertebral deformation with an anterior fracture sometimes cause spinal nerve compression. In this case, the nonlinear FEAs demonstrated a decrease of such risks, in that, the drug effects could be shown visually in addition to the increase of fracture load.
Though a decrease of failure elements was observed, the number of tensile failure elements changed minimally, suggesting that the fracture loads had a closer association to the distribution of compressive failure elements. The tensile failure elements distributed mainly around the edges of the vertebral surface and were expected to concentrate local stresses, while compressive failure elements spread widely in the anterior region, a common frequent site of fractures. These results suggest that compressive failure elements may be a main stimulus for osteoporotic fractures. Because the anterior cortical surface is a major loading path, as well as cancellous bone under compressive loading, a reduction of compressive failure elements in such regions may be caused by the drug effects to prevent fracture.
Interpretation of the statistical results
Changes in the average densities and the fracture loads were evaluated by using Kendall's coefficients W because it was promising method which could detect significance of their changes even though the number of the patients were small (n = 4). In fact, Kendall's coefficients suggest potential of the evaluation of fracture loads to detect therapeutic effects. However, Friedman's test did not reveal statistical significance of the changes in either the fracture load or the average density. In this case, since the statistical test using Friedman's test and Kendall's coefficients only detected an increase or decrease of their values, a magnitude of their change was not reflected. Statistical procedure reflecting their magnitude was not adopted in this study because such procedure might overestimate or underestimate their significance due to the numerical differences between the consecutive average bone densities and the discrete fracture loads (200 N intervals) for small number of models. To investigate availability of the fracture loads as an indicator of therapeutic effects in more detail, it is necessary to analyze a greater number of patients, longer drug periods and then consider magnitude of change of the fracture loads or the average density. It is also necessary to identify the statistical significance, whether it was attributed to clinical drug significance itself or to the detection capability. In this study, the statistical tests were not specific for therapeutic effects; thus, assessment of changes in the distribution of failure elements with respect to changes in fracture loads remains important. Nonetheless, we believe the present nonlinear FEAs may make a significant contribution to the evaluation of mechanical therapeutic effects when used in combination with assessment of fracture load and failure elements.
Limitations and clinical application of the FEAs
The FEAs in this study contained some limitations with computational errors. Since we applied simple uniform loading to the vertebra directly, the stress and strain that occurred in each element could be higher. The loading and fixation conditions in vivo are distributed through intervertebral disks and exhibit varied distribution loads due to spinal S-curves. Mechanical properties of the intervertebral disks itself can also affect the mechanical behaviors of the spine. However, we assumed that simple boundary conditions were appropriate for relative comparisons during drug treatment. Additionally, the element size likely affects mechanical performances. We used 1-mm size elements for cancellous and inner cortical bone and constant 0.4-mm thick shell elements for outer cortex. Therefore, stiffness may have been overestimated at the regions where the actual outer cortex thickness was less than 0.4-mm, while some errors may have been included in the calculation of the Young's modulus by straddling the elements between the outer cortex and inner cortical areas if the thickness was larger than 0.4-mm. One-mm elements also included errors, in which microscale heterogeneous features such as trabecular morphology and quality were not reflected. Nevertheless, we regarded the element size as appropriate, because the CT scanning interval was 1-mm, and pixel width of the CT images was 0.39-mm. Moreover, defining same post-yielded Young's modulus and criterion between yielded cancellous and cortical bone may have affected failure element distribution. Notably, in the present FEAs, in which we adopted the bi-linear elastoplastic model using 1-mm CT-scanned FE models, it was difficult to individuate cortical and cancellous regions clearly, as well as to set post-yielded modulus and criterion distinctly. Thus, we assumed a common post-yielded modulus and ultimate strain. Importantly, an increase of the number of models for the statistical tests is required. Patients of the opposite sex, with wider ranges of age, body height and weight is also necessary for more accurate statistical tests. Nonlinear FEAs for the present patients undergoing longer treatments, including a control group (healthy group), are also desired.
For current clinical use, the proposed FEAs are considered as an effective method that can reliably consider the nonlinear mechanical performance of vertebrae to assess changes in mechanical strength. In conclusion, advantages of our FEAs were demonstrated. The notable findings were that changes in the average density (like BMD) did not always correspond to changes in the fracture loads, suggesting that fracture load is a more sensitive parameter of therapeutic effects. Both the fracture loads and the distribution of failure elements can suggest changes in vertebral strength. These findings espouse that the patient-specific nonlinear mechanical evaluation is useful for the assessment of drug effects on osteoporotic vertebrae, and our FEAs are available for this purpose.
The Drucker-Prager yield criterion, which is based on the Von Mises criterion, is a pressure-dependent model for defining if a material has failed or undergone plastic yielding (31, 38) . An additional term in the Von Mises expression defines the influence of a hydrostatic stress component of failure. The criterion has the following form; 0 ) , ( where α, which is set as 0.07 (42) here and k are positive constants of the material and J 1 is the sum of the principal stresses; 
where δ ij is the Kronecker delta which is zero for i≠j, and unity for i = j.
The yield surface which is f = k in principal stress space is a right circular cylinder for the Mises criterion (α = 0). For α > 0, the surface is a right circular cone with its axis equally inclined to the coordinate axes and with its apex in the tension octant. The Drucker-Prager yield criterion is also a smooth approximation to the Mohr-Coulomb yield criterion as a modified Tresca or maximum shear stress criterion leading to a pyramid instead of a cone.
